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Abstract

The objective of this study is to compare critical erosion velocity power function models (V* = cDn) derived for gravel size bed 
material (spheroids with a relative density equal to 2.65), to one derived for naturally occurring shale bed material which is 
atypical in shape and relative density. The relative density of the shale was found to be 1.80.  On the basis of the mean triaxial 
dimensions the shale gravels can be described as discoid, platy and/or bladed.  The flume used in this study was 11.5m long, 
30.7cm wide, with a maximum depth of 30.0cm.  Seven bed samples were prepared and categorized according to mean par-
ticle size (D).  A known discharge (Q) was passed through the flume and flow depth (d) gradually decreased until velocities were 
sufficient to initiate particle movement.  Critical erosion velocity (Vmc) was operationally defined as the mean cross-sectional 
velocity (Q/AX) causing sufficient particle motion such that the bed packing arrangement failed and the bed became mobile. 
 
The result of each run was plotted.  A curvilinear relationship between critical erosion velocity (Vmc) and grain size 
(D) was noted.  Data were subsequently transformed to logarithms and the least squares regression line calcu-
lated to be Vmc = 0.293D0.5. In natural shale gravels the compensating effects of low relative density and atypi-
cal shape result in a critical erosion velocity function similar to those produced by similar experimental studies. 
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Introduction
Incipient particle motion occurs when the shear stress as-

sociated with stream flow over the bed attains or exceeds a criti-
cal value (Simmons and Senturk 1977 p399). Simply stated, 
a threshold condition exists for each particle where the forces 
promoting movement overcome the specific particle’s resis-
tance to movement.  Stelczer (1981) refers to this threshold as 
the “critical condition.”  Researchers in fluvial hydraulics prefer 
to use the term introduced by Du Boys in1879 “critical trac-
tive force” as a measure of the critical condition (Shields 1936; 
White 1940; Vanoni et al. 1966).  Geomorphologists and clas-
sical flume modelers have employed the various critical erosion 
velocity terms (Hjulstrom 1935, 1939; Rubey 1937; Bagnold 

1954; Novak 1973).  Other researchers favour Bagnold’s (1966, 
1980) concept of stream power (Yang 1976; Knighton 1999; Pe-
tit et al. 2005).

In 1940 White presented a simplified model which theoreti-
cally analyzes the fluid forces acting on a spherical particle lying 
on a horizontal stream bed.  The model equates the resistance to 
movement (the moment of weight, Mw) to the forces required for 
movement; critical tractive force, itself simplified to fluid drag 
forces or the moment of drag (Md).  Consequently, the critical 
condition in White’s model may be summarized as an equality 
Mw = Md.  Although White’s model and similar critical tractive 
force models such as Shields (1936), Gessler (1965) and Hel-
ley (1969) are supported by numerous laboratory experiments, 
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applications to stream channels have not been that successful 
(Lane and Carlson 1953; Leliavsky, 1966; Baker and Ritter 
1975; Stelczer 1981).  Carson (1971) cites the general assump-
tion of average conditions employed in theoretical models as 
a possible explanation for the variety of experimental results.  
Also, Carson points out that some tractive force models assume 
that the lift component of critical tractive force is very small 
(White 1940), whereas Chepil (1961) and Colman (1969, 1972) 
have demonstrated that lift and drag forces may be of equal 
magnitude.  The American Society of Civil Engineers acknowl-
edges that “Lift is of a considerable importance in entraining 
sediment” (ASCE 1975 p104).  

Hjulstrom (1935) produced an empirically derived diagram 
which relates particle size to critical erosion velocity (CEV) or, 
as Morisawa (1968 p47) suggests, the velocity at which a criti-
cal tractive force operates on a given particle on a given slope.  
This geomorphological concept, “fluid impact theory” has been 
investigated by several researchers (Rubey 1937; Bogardi and 
Yen 1938, Velinkanov 1931, 1948; Bagnold 1955; Sundborg 
1956; Neill 1967; Galay 1971; Novak 1973).  The results of Ga-
lay’s and Novak’s empirical studies involving natural channels 
deviate from those predicted by the controlled flume modelling 
experiments such as Bogardi and Yen (1938), Hallmark and 
Smith (1965) and Neill (1967).  Novak (1973) suggests that the 
discrepancies may be due to several factors:

1. Various operational definitions of erosion velocity, for ex-
ample, the bottom velocity (Bogardi and Yen 1938; Stelczer 
1981) and the mean cross-section velocity (Hjulstrom 1935; 
Neill 1967).

2. The effect of depth of flow on velocity gradients and associ-
ated shear stresses (Neill 1967);

3. the effects of suspended sediment load (Lane 1955 and Sun-
dborg 1956), channel pavements (Izbash 1936), and various 
bedforms (Sundborg 1956); and

4. the general use of uniform size spheroid shaped bed mate-
rial in the flume studies (Simons and Senturk 1977).

In addition, Novak (1973) proposes that the difference be-
tween naturally observed erosion velocities and comparable 
CEV measured in flume experiments (the bottom velocity or the 
mean cross-sectional velocity) is even more significant when 
gravel-size material is taken into account.  Stelczer (1981) in-
dicates that the dimensions of the experimental flumes in coarse 
gravel-size experiments impose limitations on particle diameters 
and flow depth/roughness ratios and points out that bottom flow 
velocity is affected by flume width.  Bogardi (1978), consider-
ing the inaccuracies and uncertainties affecting the estimation of 
bottom velocity, advocates the use of the, equally inaccurate but 
more easily measured, mean cross-sectional velocity. 

Galay (1971) compared the experimental results of Izbash 
(1936), Hallmark and Smith (1965), and Bhowmik and Simons 
(1970) with respect to critical mean cross-sectional velocities 
(Vmc) and particle size (D).  He found that the empirical relation-
ships demonstrated by these studies are of the general form Vmc 
is approximated by D0.5, where D represents the median size of 

uniform spheroid gravels. Assuming a spherical particle shape, 
the general relationship can be expresses as Vmc = cDn.  Galay 
(1971) points out that these studies employ flume experiments 
and predicts that natural stream conditions will result in signifi-
cantly different results. 

 Bogardi (1978) reviewed the flume experiments investi-
gating the relationship between various erosion velocities (V*) 
and particle size (D); (Bogardi and Yen 1938, Kalmar 1952, and 
Neill 1967).  His findings support the use of the power function 
V* = cDn as a model for extending the Hjulstrom curve to in-
clude gravel size materials.  Bogardi (1978) however, indicates 
that the regression constant (c) varies considerably in these ex-
periments and suggests that the deviations from the mean value 
(c = 0.267 ± 0.048) reflect different particle relative densities 
(specific gravities), variations in the operational definition of 
erosion velocity and different flow depths within the flumes.  
Galay (1971), Novak (1973) and Bogardi (1978), stress that fur-
ther studies of erosion velocity for natural riverine gravels are 
required.

The Study Objective
The objective of this study is to compare the published CEV 

formulae derived for typical gravel size bed material (spheroids 
with a relative density (RD) equal to approximately 2.65), to one 
derived for naturally occurring bed material which is atypical in 
shape and relative density.

Materials and Methodology
Shale was selected as the sample bed material.  The small 

watersheds draining the eastern slopes of the Manitoba Escarp-
ment provide an accessible source of riverine shale gravels.  The 
gravels originate in the Odanah Member of the Pierre Forma-
tion.  Odanah Shale is hard olive-grey siliceous shale that forms 
the cap rock of the Manitoba Escarpment.  It is underlain by a 
softer olive grey clayey shale; the Millwood Member. 

Triaxial dimensions of gravel size Odanah Shale plot on a 
Zingg diagram in the oblate/discoid and/or triaxial/bladed re-
gions (Figure 1a).  Plotted on a spherical ternary diagram the 
shale shapes are classified as very-platy or very-bladed/very-
elongated (Figure 1b).  Mean ASCE (Corey) Shape Factor (c/
ab0.5) for the discs is 0.257 ± 0.014; for blades, 0.296  ± 0.064.  
The prominent disc and blade shapes are the results of hydration 
weathering the natural fissility of the shale and fluvial abrasion.  
The relative density (RD) of Odanah Shales was found to be 
1.80.

Flume experiments were conducted at the University of 
Manitoba, Faculty of Engineering Hydraulics Laboratory.  The 
flume used in this study was 11.5 m long, 0.307 m wide, with a 
functional maximum depth of 0.30 m.  The flume has a design 
sediment bed working space one metre long by 0.06 m deep.  
Observations were restricted to the central third of the sediment 
bed to avoid the influence of higher flow velocities associated 
with the smooth flume bed upstream. 
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 Seven bed sediment samples were prepared and categorized 
according to mean particle size (D) as defined by sieve diameter.  
Particle-size distributions are acknowledged to be lognormal 
(Krumbein and Graybill 1965 p110).  Consequently, the geomet-
ric mean diameter was calculated for the gravel retained in the 
specified sieve. Specifically, a bulk sample of wet gravel passed 
through a selected sieve diameter and was retained in a second 
sieve. The geometric mean particle diameter of the material re-
tained in the second sieve equals the square root of the product 
of the two sieve diameters (Table 1). 

A 90 degree V notch weir and a Venturi meter, calibrated 
with a volumetric tank, were used to measure flume discharge.  
A known discharge (Q) was passed through the flume and flow 
depth (d) gradually decreased until velocities were sufficient to 
initiate medium particle movement, defined as when “particles 
of average size move in quantities no longer countable” (Kramer 

1932 in Bogardi 1978 p155).  Critical erosion velocity (Vmc) was 
operationally defined as the mean cross-sectional velocity (Q/
AX; discharge  Q divided by cross-sectional area AX) causing 
sufficient particle motion such that the bed packing arrangement 
failed and the bed became mobile.

For bed samples with a geometric mean particle size greater 
than 9.8 mm, it was necessary to adjust flow depths to achieve 
critical erosion velocities.  Under these supercritical flow condi-
tions (eight flume runs) it was observed that surface turbulence 
accompanied by subsurface velocity fluctuations generated un-
controllable scour.  Consequently, the flume slope was increased 
to reduce turbulence and produce a smooth, though undulating 
water surface.  Cross-sectional area under these conditions was 
obtained by averaging the estimated mean depths of flow over 
the active sediment bed.

Results
Table 2 presents a summary of the relevant parameters ob-

served and calculated in 20 of the 28 flume runs.  The mean 
Reynolds Number of the 20 flume runs was calculated to be 
56,102.  Eight flume runs were unsuccessful due to the previ-
ously mentioned “uncontrollable scour.”  The result of each suc-
cessful run was plotted (Figure 2a) and the curvilinear relation-
ship between critical erosion velocity (Vmc) and grain size (D) 
noted.  Data were subsequently transformed to base 10 loga-
rithms, plotted on log-log paper and the least squares regression 
line calculated to be Vmc = 0.293D0.5, where D represents the 
mean diameter of the bed material in mm and Vmc  is measured 
in m s-1 (Figure 2b).

Discussion
Most researches investigating erosion velocities (V*) for 

gravel size particles (D) have found that their experimental re-
sults are best represented by the power function model V* = 
cDn, where V* represent the operationally defined CEV (bottom 
velocity, mean vertical velocity or mean cross-sectional veloc-
ity) and D is representative of the particle size (sieve diameter, 
nominal diameter, b-axis or the b-axis diameter of the 50, 75, 

Figure 1a: Zingg Diagram of a sample of Odanah Shale.

Figure 1b: Sphericity Form Diagram of a sample of Odanah Shale.

Table 1: Calculation of mean diameters of shale-bed sediment.
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Table 2: Experimental flume runs and parameters used to calculate mean cross-sectional critical erosion veloc-
ity.
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Figure 2a: Plot of the critical erosion velocity for shale gravels.

Figure 2b: Logarithmic plot of the critical erosion velocity for shale 
gravels.

Table 3: A selection of Critical Erosion Velocity power function models.
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90 or other defined percentile particle in the sample).  Table 3 
illustrates a selection of critical erosion velocity power functions 
for very coarse sands to gravel sizes.

Bottom velocity versus cross-sectional velocity 
Bottom velocity has been recognized by many researches 

to be a more appropriate measure of CEV (Bogardi 1978, Stel-
czer 1981).  However, direct measurement of bottom velocity 
is difficult and estimations require more or less arbitrary as-
sumptions concerning boundary layer conditions. Consequently, 
flume studies employing bottom velocity as a measure of critical 
erosion velocity are relatively rare. Most empirical researchers 
prefer the more easily derived and rigidly defined mean cross-
sectional velocity term.  Although the relationship between 
mean cross-sectional velocity and bottom velocity has not been 
definitively established, a general relationship between the two 
velocity terms may be assumed.  Bogardi and Yen (1938), dem-
onstrated that under comparable conditions the erosion velocity 
function associated with bottom velocity had both a smaller con-
stant and exponent than the erosion velocity equation associated 
with mean cross-sectional velocity measures (Table 2).  Kal-
mar’s 1952 experiments produced similar results with respect 
to the intercept constant and (Bogardi 1978) substantiated these 
observations (Table 2 and Figure 3).

Uniform size sediment versus a mixture of sizes
Figure 4 illustrates the results of flume experiments which 

employ the mean cross-sectional velocity (Vmc) as the opera-
tional definition of CEV.  The power function models illustrated 
in Figure 4 indicate little variability in the exponent (0.47 ± 
0.02), the notable exception being Galay’s 1971 equation.  Ga-
lay’s mathematical model is the result of studies using natural 

sediment beds composed of variable coarse grain sizes, and in 
which CEV (Vmc) was identified using a D90 transport criteria.  
That is, CEV was operationally defined as the mean cross-sec-
tional velocity capable of moving the D90 size bed material.  By 
default, bed particles smaller than the D90 particles are moving 
and incorporated into the fluid-sediment complex prior to the 
achievement of the D90 CEV.  Introduction of the fine sediment 
into the fluid increases the density and viscosity of the fluid-
sediment complex and consequently, the tractive force acting on 
the D90 gravel size particle.  The combination of gradual bed 
mobilization, gradually increasing tractive force and particle 
impacts decrease threshold velocities at a rate proportional to 
particle size, flattening out Galay’s CEV curve (Bagnold 1954; 
Galay 1971).

Depth of flow
Neill (1967) suggests that depth of flow influences the mean 

cross-sectional erosion velocity for natural gravels of uniform 
size.  He found that a reduction in flow depth resulted in a com-
parable reduction in the magnitude of the regression constant (c) 
in his erosion velocity equations, although the exponent (n) re-
mained constant (Table 2 and Figure 4).  Bogardi (1978) howev-
er, indicates that Bogardi and Yen (1938) found no relationship 
between flow depths and mean cross-sectional erosion velocity 
in their experiments at Iowa City.  Bogardi (1978) suggests that 
other hydraulic factors may account for Neill’s observations.  

Particle relative density 
Most authors acknowledge that relative density (specific 

gravity) of the bed material is an important factor influenc-
ing critical tractive force and the CEV function (Hallmark and 
Smith 1965; Neill 1967; Bogardi 1978; Stelczer 1981).  Figure 

Figure 4: A comparison of selected CEV models.Figure 3:  CEV flume experiments comparing critical bottom velocity 
(Vc) And critical mean cross-section velocity (Vmc).
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5 and Table 3 summarizes CEV models for equivalent spheroid 
shapes but of slightly different relative densities.  Clearly, the 
intercept constant “c” decreases as the relative density of the bed 
material decreases.  It is expected that the regression constant (c) 
associated with the critical erosion velocity function for natural 
shale gravels (RD = 1.80) will reflect this trend.  

Particle shape and packing (imbrications)
Reynolds Number, particle shape, surface characteristics, 

orientation, and imbrication affect the components of critical 
tractive force, namely viscous drag, form drag and lift (Levi-
avsky 1966 p157) and consequently the critical erosion velocity.  
While viscous drag increases with flow velocity, the turbulence 
associated with high Reynolds Numbers (Re > 50,000) signifi-
cantly reduces the form drag.  As a result, total drag on “blunt 
objects” is reduced (Shapiro 1961 p166).  At high Reynolds 
numbers form drag is essentially zero on streamline objects and 
viscous drag constitutes total drag (Shapiro 1961 p167).  

Hydrofoil particle shapes can generate significant lift de-
pending on aspect ratio (c/a), angle to the flow (“attack angle”) 
and “induced drag” (Prandtl and Tietjens 1934 Ch VI).  More 
or less imbricated Odanah Shale gravels, arguably, approximate 
streamlined hydrofoil shapes (aspect ratios 0.3 to 1.0) and may 
have significantly positive or negative effects on both form drag 
and lift depending on position, attack angle and induced drag.  
Consequently, disc and bladed shale particles may require a 
higher or lower critical erosion velocity than spheroid shapes of 
equivalent relative density.

Critical erosion velocity for Odanah shales
Figure 6 graphically compares the results of the Odanah 

Shale flume experiments to CEV equations found in the litera-

ture.  The critical erosion velocity power function for Odanah 
Shale is calculated to be Vmc  =  0.293 D0.5.  Neither the con-
stant “c = 0.293” nor the exponent “n = 0.5” in the CEV power 
function for Odanah Shale differ significantly from comparable 
respective values in the other CEV models.

Significant variation in the exponent (n) is not expected 
since the shale-bed flume experiments, like all others except 
those of Galay 1971, employ uniform size gravel bed material.  
It is, however, expected that the regression constant (c) associat-
ed with the critical erosion velocity function for less dense shale 
gravels (RD = 1.80) will be similar to Bogardi’s 1978 coal-bed 
flume experiment (c = 0.100 m s-1) and significantly less than the 
calculated 0.293 m s-1 in this experiment.  

Streamlined blade and disc shaped shale particles reduce 
form drag and the  horizontal-imbricated positioning of individ-
ual particles on the streambed (negative attack angle) may in-
duce a negative lift (down-force) component to the critical trac-
tive force.  Consequently, the critical velocity required to entrain 
shale gravels is greater than that for the spheroids of previously 
reviewed flume experiments and it is expected that the regres-
sion constant (c) should be greater than the calculated 0.293 m 
s-1 in this study.  

Summary and Conclusions
The mean cross-sectional CEV function for Odanah Shale 

gravels is not significantly different from the CEV equations de-
rived from similar flume experiments, despite the lower relative 
density and atypical discoid/bladed shape of shale.  From this it 
is concluded:

Figure 5: Critical erosion velocity (Vmc) for particles with various rela-
tive densities.

Figure 6:  A comparison of selected CEV models and the CEV for 
Odanah Shale.
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1. The erosion velocity required for a particle with low rela-
tive density is less than the velocity required to entrain a 
particle of high relative density but equivalent shape and 
size;

2. the velocity required to entrain a horizontally positioned 
plate/blade-like particle is higher than for a spheroid par-
ticle of equivalent relative density and size;

3. in natural shale gravels the compensating effects of low 
relative density and atypical shape result in a critical ero-
sion velocity function similar to those produced by other 
studies; and

4. the erosion velocity function for natural shale gravels de-
rived in this study is Vmc = 0.293D0.5.
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